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Introduction

R ESEARCH of recent decades has uncovered many advances in
the development of numerical trajectory optimization. These

methods are attempts to solve discretized versions of some formof an
optimal control problem that, in general, cannot be solved ana-
lytically using Pontryagin’s minimum principle [1]. Numerous
techniques exist, each one parameterizing the problem and enforcing
the equations of motion differently. One such technique is that of
differential inclusions, which constrains the discretized states at
adjacent nodes to lie on the attainable sets given the admissible
control inputs [2]. Alternatively, direct shooting methods discretize
the control history and integrate the equations of motion to obtain the
state histories and evaluate the constraint violations [3]. A third
technique, collocation, enforces the equations of motion through
constraints on the derivative of an interpolating function and the state
equations [4]. These various methods have been applied to a number
of problems, including space vehicle reentry trajectories [5],
kinematic path planning for unmanned aerial and ground vehicles
[6], spacecraft slewing maneuvers [7,8], and low-thrust orbit
transfers [9–12].

Given this context, the present work seeks to implement a hybrid
genetic algorithm collocation method for direct optimization of
trajectories. The initial guesses for the state and control histories used
in the collocation method are interpolated from the best candidate
solution of a genetic algorithm. The control histories are not assumed
to take a specific form, because for the general problem, no prior
knowledge of the nature of the optimal solution is available at the
outset. We use an off-the-shelf, freely available, implementation of a
simple genetic algorithm without modification, and the collocation
method is an implementation of the Hermite–Legendre–Gauss–
Lobatto method (see [13]). The customized implementation requires
the specification of certain user choices [control filtering in the
genetic algorithm (GA) phase, number of intervals, and polynomial

order], cost function, weighting coefficients for the cost function, and
equality and inequality constraints.

Problem Description

We seek to solve the following constrained optimal control
problem. The cost function J to be minimized is the Bolza cost
function including the Mayer term ���� and the Lagrange term L���:

J� ��x�tf�;p; tf� �
Z
tf

t0

L�x�t�;u�t�;p; t�dt (1)

The cost function and the terms in Eq. (1) follow the standard
notation described in [14]. The cost is to be minimized subject to
1) state constraints, 2) control constraints, 3) endpoint constraints,
4) path constraints, and 5) upper and lower bounds on states,
controls, and system parameters (box constraints). Under the general
framework mentioned previously, we seek to find minimum-time
low-thrust Earth–Mars transfer trajectories. The optimal control
problem is solved using the Hermite–Legendre–Gauss–Lobatto
(HLGL) collocation [13] technique that is initialized (state and
control time histories) by a genetic algorithm.

Hermite–Legendre–Gauss–Lobatto Collocation

The specific details of this technique and other collocation tech-
niques can be found in [11–13,15]. The optimal solution is obtained
by minimizing the collocation error residuals over a set of time
subintervals and explicitly incorporating the problem constraints.
However, this requires that the designer provide an initial state and
control history for the nonlinear programming (NLP). The collo-
cation techniques are, in general, quite robust to initial guesses;
however, in certain cases, this associated subproblem is most likely
as complex as the original problem. In general, to provide a
reasonable initial guess, we conduct a random search through the
initial condition space that would result in a feasible initial trajectory.
This crucial step is implemented via a genetic algorithm that is
discussed next.

Initialization via Genetic Algorithm

As a primary tool to optimize a discrete approximation to a
continuous optimal control problem, the genetic algorithm is not so
attractive [3]. However, initialization of the NLP requires only that
the candidate solution used for initialization be within the domain of
convergence of the particular quasi-Newton algorithm. This means
that the initialization need not meet all constraints or be optimal. The
genetic algorithm can quickly locate candidate solutions of this
quality. The simple genetic algorithm applied in this work is based
upon the procedure outlined in [16]. The algorithm used here
employs a simple random selection of parent pairs: crossover and
mutation. Several of these functions are customizable via parameters
or have algorithmic variations. For instance, though we use binary
encoded chromosomes, real-valued chromosomesmay be used. This
type of chromosome has been used for initialization of an NLP
solution in [17]. Note that a GA can provide approximate solutions
that are close to optimal, yet infeasible. This is a potential drawback
to the proposed hybrid approach, because the GA provides the initial
condition to the NLP. However, this is also true of other approximate
initialization schemes for a highly constrained problem.
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Low-Thrust Interplanetary (Earth–Mars) Transfer

Problem Statement

Given the governing dynamic equations of motion described in
this section, the solution to the transfer trajectory design problem
should yield a minimum-time low-thrust transfer between Earth and
Mars. The problem definition, geometries, and governing equations
of motion are all adopted from [9] to provide a consistent benchmark
for comparison. The formal statement indicates the following:

1) The spacecraft should begin in a geosynchronous orbit and end
in an areosynchronous orbit (about Mars).

2) The transfer should occur in minimum time.
In the context of the optimal control problem described pre-

viously, the cost function to be minimized is given by

J� tf1 � tf2 � tf3

where tf1 , tf2 , and tf3 are the time lengths of the geocentric,
heliocentric, and areocentric trajectory segments, respectively. The
nonlinear state dynamics describe the two-body motion of a point
mass about the sun, Earth, orMars. The simplification of themodel to
two dimensions throughout the trajectory relies upon the assumption
that the orbits of Earth and Mars are coplanar. The equations of
motion are

_r� vr _�� �v�=r� _vr � �v2�=r� � ��=r2� � aT sin�
_v� ���vrv�=r� � aT cos� (2)

where r and � are the polar coordinates of the spacecraft shown in
Fig. 1a. The states vr and v� are the radial and tangential components
of the velocity vector. The parameter aT is the control acceleration
magnitude, which is held constant at 0:0001g. The control input � is
the thrust angle measured positive upward from the local horizon, as
shown in Fig. 2. The gravitational parameter � is normalized to
1 DU3=TU2 for all three segments. The units DU and TU are the
normalized astronomical distance unit and time unit, respectively.
They are defined differently for each segment and can be converted
between segments easily. Note that the state names used in Eqs. (2)
are appropriate for the geocentric segment of the trajectory only.
Though the form of the dynamics is the same for each segment,
description of the intersegment constraints requires that different
state names be applied for each segment. The geocentric states r, �,
vr, and v� are replaced by R, �, vR, and v� during heliocentric flight
and �, �, v�, and v� during areocentric flight. Because each segment
of the trajectory has its own endpoint, path, and box constraints, they
are treated separately. Constraints involving more than one segment
are discussed later in this section.

The first segment consists of a geocentric trajectory (the spacecraft
is influenced only by the gravity of Earth) beginning from a circular
geosynchronous orbit to a given final radius. The endpoint
constraints include the initial and final radii and the initial radial and

tangential velocities. The initial radius is calculated as that of a
circular orbit with a period of P� 1 day:

r�
�

�

�2�=P�2
�

1=3

� 6:6107RE (3)

The final radius is chosen to be the radius of the sphere of influence
for Earth, 145RE, in keeping with the example in [9] for comparison.
The initial radial velocity is zero for a circular orbit, and the initial
tangential velocity is calculated by

v� �
����
�

r

r
� 0:38893RE=TUE (4)

for circular orbits [18].
The third (areosynchronous) segment requires similar constraints

to those in the geosynchronous segment. The endpoint constraints
include initial radius, final radius, final radial velocity, and final
tangential velocity. The initial radius is the radius of the sphere of
influence for Mars, 170RM, in keeping with the example in [9]. The
final radius of �� 6:0236RM is calculated by Eq. (3) using
areocentric coordinates and a period equal to the rotational period of
Mars, 1.0260 days [18]. The final radial velocity is zero for a circular
orbit, and the final tangential velocity of v� � 0:40745RM=TUM is
calculated by Eq. (4) using the areocentric orbit radius found
previously.

Between the geocentric and heliocentric segments, the states are
related by the constraints of Eqs. (5), and between the heliocentric
and areocentric segments, they are related by those of Eqs. (6):

a) Heliocentric/geocentric coordinate transformation b) Heliocentric/areomcentric coordinate transformation

Fig. 1 Geometry for transformations between heliocentric and planetocentric coordinates.

Earth/Sun Mars

r/R
/ρ

β a T

Fig. 2 Control of the spacecraft (thrust angle).
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R cos	 � r � aE cos�� � 
� � 0 R sin	 � aE sin�� � 
� � 0

v� cos 	�1� tan2	� � aE _
 cos�� � 
� � v�
� aE _
 sin�� � 
� tan	 � vr tan	� 0

vR cos	 � aE _
 sin�� � 
� � vr � v� sin	� 0 (5)

R sin! � aM sin�� �  � � 0

R cos! � aM cos�� �  � � �� 0

v� cos! � vR sin! � aM _ cos�� �  � � v� � 0

vR cos!� v� sin! � aM _ sin�� �  � � v� � 0 (6)

In the preceding expressions, 	� � � � and !� � � �. The orbit
angles of Earth and Mars at the points of transition between seg-
ments are


� _
tf1 (7)

for Earth at time tf1 and

 �MLA� _ �tf1 � tf2� (8)

forMars at time tf1 � tf2 . In Eqs. (7) and (8), themeanmotions of the
planetary orbits are

_
�
������
�

a2E

r
� 1 rad=TUS (9)

_ �
�������
�

a2M

r
� 0:53169 rad=TUS (10)

where aE � 1 AU and aM � 1:5237 AU are the circular orbital radii
of Earth and Mars about the sun, respectively [18]. The parameter
MLA is the angle by which Mars leads Earth at the beginning of the
geocentric segment. The specific choice of MLA� 0:9666 rad
conforms to the example in [9].

GA Considerations

Special considerations must be addressed regarding the setup of
this problem in the framework of the GA search. This problem
presents some additional complications due to themultiple segments
of the trajectory, each having its own set of dynamics and boundary
conditions. Examination of the equations of motion reveals that
when the spacecraft comes close to the attracting body, the natural
frequency of the system is increased. To sufficiently capture the
behavior of the spacecraft, this requires a high density of nodes in
both theGA andHLGLdiscretizations. However, the high density of
nodes adversely affects the evolution and convergence of the GA,

because the control value of each node has less effect on the
trajectory overall. One possible way to address this issue is to filter
the control input signal, making trends in the control history more
prevalent and smoothing the actual thrust-angle history. This is
apparent in Figs. 3–5.

The filter is applied in each segment of the trajectory. The thrust
angle is appended to the state vector. Its time derivative is

_������ � �c� (11)

where �c is the commanded thrust angle (control variable). The gain
� is 10�2 for the geocentric segment, 1 for the heliocentric segment,
and 5 	 10�4 for the areocentric segment. Equation (11) is appended
to the equations ofmotion in theGAphase, increasing the state-space
order by one. For this case,�c is now treated as the control variable. It
is possible to constrain the control rates this way, if needed.

The geocentric segment has three known initial conditions (ICs)
[namely, r�0�, vr�0�, and v��0�] and only one known final condition
(FC) [i.e., r�tf1�]. Because it is better to ensure that the three ICs are
met while letting the GA search only for the FC, the geocentric phase
is integrated forward, initialized by the IC. The initial orbit angle ��0�
is included as an optimization parameter in the GA search. In
contrast, three of the FCs of the areocentric segment are known
[��tf3 �, v��tf3�, and v��tf3�], whereas only one IC is known [��0�]. In
this case, the GA will be more effective if only the initial radius is
searched for. Therefore, the choice is to integrate the areocentric
segment backward.

For the heliocentric segment, none of the boundary conditions are
known. Themarching integrationmust be initialized by transforming
the coordinates at the boundary of an adjacent segment. The
coordinate transformation at the other boundary may be enforced
through constraint violation penalties in the GA cost function. The
choice is to integrate the heliocentric segment forward, initializing
the states by transforming the final geocentric states (r, �, vr, and v�)
into heliocentric coordinates (R, �, vR, and v�). The transformation is
given by

R�
����������������������������������������������������������������������������������
�r� aE cos�� � 
��2 � �aE sin�� � 
��2

p

	� sin�1
�
aE
R

sin�� � 
�
�

�� � � 	

v� �
aE _
 cos�� � 
� � v� � aE _
 sin�� � 
� tan	� vr tan	

cos	�1� tan2	�

vR �
aE _
 sin�� � 
� � vr � v� sin	

cos	
(12)

Fig. 3 Results for the geocentric segment commanded and actual thrust angle.
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evaluated at time tf1 . The penalties enforcing the constraints between
the heliocentric FCs and the areocentric ICs are derived fromEqs. (6)
and are provided later in this section.

The cost function used for ranking includes the cost function of the
minimum-time problem definition plus penalties for any constraint
violations that apply:

J� Jseg1 � Jseg2 � Jseg3 � J2=3 (13)

where the components Jseg correspond to penalties applying to the
segment indicated by the subscript, and J2=3 is the penalty for
violation of the constraints that enforce the transformation of
coordinates at the boundary between the heliocentric and areocentric
segments. For the geocentric segment, the penalties include the
final time, final orbit radius error, and the following constraint
violations evaluated for all nodes: maximum orbit radius, minimum
orbit radius, and maximum tangential velocity. The penalties are
expressed as

Jseg1 � tf1 � 104jrN1
� 145REj �

XN1

i�1
wrujri � 145REj

�
XN1

i�1
wrljri � 6:6107REj �

XN1

i�1
wv�jv�;i � 0:38893RE=TUEj

(14)

where N1 is the number of discrete nodes in the Runge–Kutta
integration in the geocentric segment, and the weights are

wru �
�
1; ri > 145RE
0; ri 
 145RE

(15)

wrl �
�
1; ri < 6:6107RE
0; ri � 6:6107RE

(16)

wv� �
�
1; v� > 0:38893RE=TUE

0; v� 
 0:38893RE=TUE
(17)

For the heliocentric segment, the penalties include the final time tf2
and penalties evaluated at all nodes for violation of maximum and
minimum orbit radii. The penalties are

Jseg2 � 10�2tf2 �
XN2

i�1
wRujRi � 1:62 AUj �

XN2

i�1
wRljRi � 0:9 AUj

(18)

where N2 is the number of discrete nodes used in the Runge–Kutta
integration for the heliocentric segment, and the weights are

wRu �
�
1; Ri > 1:62 AU

0; Ri 
 1:62 AU
(19)

wRl �
�
1; Ri < 0:9 AU

0; Ri � 0:9 AU
(20)

Fig. 5 Results for the areocentric segment commanded and actual thrust angle.

Fig. 4 Results for the heliocentric segment commanded and actual thrust angle.
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For the areocentric segment, the penalties include the final time tf3 ,
the error of the initial radius, and the following constraint violations
evaluated at all nodes: maximum radial velocity, maximum
tangential velocity, and maximum and minimum orbit radius. The
penalties are expressed as

Jseg3 � tf3 � 102j�N3
� 170RMj �

XN3

i�1
w�uj�i � 170RMj

�
XN3

i�1
wv�jv�;ij �

XN3

i�1
w�lj�i � 6:0236RMj

�
XN3

i�1
wv�jv�;i � 0:40745RM=TUMj (21)

where N3 is the number of discrete nodes in the Runge–Kutta
integration for the areocentric segment, and the weights are

w�u �
�
1; �i > 170RM
0; �i 
 170RM

(22)

w�l �
�
1; �i < 6:0236RM
0; �i � 6:0236RM

(23)

wv� �
�
1; v�;i > 0RM=TUM

0; v�;i 
 0RM=TUM
(24)

wv� �
�
1; v�;i > 0:40745RM=TUM

0; v�;i 
 0:40745RM=TUM
(25)

Finally, the component of the cost penalizing constraint violations at
the boundary connecting the heliocentric and areocentric segments is
formulated from the constraints of Eqs. (6) and is expressed as

J2=3 � jc1j � jc2j � jc3j � jc4j (26)

where

c1 � R sin! � aM sin�� �  � (27)

c2 � R cos! � aM cos�� �  � � � (28)

c3 � v� cos! � vR sin! � aM _ cos�� �  � � v� (29)

c4 � vR cos!� v� sin! � aM _ sin�� �  � � v� (30)

Results

For the genetic algorithm, the chromosome uses real encoding for
the parameters rather than binary encoding. The genetic algorithm is
parameterized as follows. The population is held at 150 chromo-
somes and is propagated for 75 generations. The final times of the
three trajectory segments, as well as the initial orbit angle of the
geocentric segment and the final orbit angle of the areocentric

Fig. 6 Results for the heliocentric segment states.
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segment, are treated as optimization parameters in the chromosomes.
The lower and upper bounds on the initial orbit angle � for the
geocentric segment and the final orbit angle � for the areocentric
segment are 0 and 2� rad, respectively. TheHLGLcollocation phase
of the optimization is parameterized such that the nodes and intervals
are the same is are used in [9]. All three segments use the third-order
Hermite interpolating polynomial,making the collocation equivalent
to the Hermite–Simpson method. The geocentric and areocentric

segments have 80 time intervals each, whereas the heliocentric
segment has 20 intervals. The convergence criteria for the NLP are a
maximum constraint violation of 1 	 10�12 (TolCon) and a reduc-
tion in the cost function of less than 2 	 10�6 (TolFun) for one
iteration. The complete framework is implemented in MATLAB®
(R2007b) on a personal computer (Intel Pentium IV) with 512 MB
RAM running at 2.4 GHz processor speed.

The final resulting candidate solution by the genetic algorithm is
shown in Figs. 6–11. A fewof the problem requirements aremet very
well. For instance, the final orbit radius of the geocentric segment
(resulting in 145:000RE) and the initial orbit radius of the areocentric
segment (170:004RM) are satisfied very well. It is also apparent from
Fig. 3a that the thrust angle follows the upward trend shown later in
the HLGL solution, as well as in [9].

The poorly met requirements are most noticeable in the final
conditions of the heliocentric trajectory. In this segment, the
spacecraft overshoots the sphere of influence ofMars by a significant
distance, even though error penalties are applied at the boundary
between the heliocentric and areocentric segments to ensure proper
continuity of position and velocity. This is also revealed in Fig. 8c.
The more accurate solution by the HLGL collocation phase shows
that the radial velocity of the spacecraft should decrease near the end
of the heliocentric segment as its position approaches Mars.

Neither the thrust angle in the heliocentric nor areocentric seg-
ments follow the trends given by the HLGL solution. The results
given by the genetic algorithm may be improved through some
adjustment of parameters in the cost function and the population. The
final GA solution may also be improved by propagating the
population for more generations, allowing better candidate solutions

Fig. 7 Earth departure spiral (* GA and � HLGL).

Fig. 8 Results for the geocentric segment states.
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to evolve. Although many improvements to the GA solution may be
possible, the inaccurate result is shown to provide a reasonable
initialization for the HLGL collocation phase.

Upon examination of the final result of the HLGL collocation
phase, all of the problem boundary-condition constraints are very
well met, including the constraints relating the states of the helio-
centric segment to the planetocentric segments at their boundaries.
The final times of the three segments are given in Table 1, along with
the final times published in the literature [9]. We see a good

agreement, in general, between the published results and the results
provided in this study.

As the iterations of the collocation phase of the optimization
progressed, the convergence criteria were adjusted to be more strict.
Using the new convergence criteria, the NLP was reinitialized and
allowed to converge again. This was repeated a few (2 or 3) times to
improve the results. In the literature we have seen, optimization
problems such as these have typically used customized codes as in
[9] or other specialized optimizers such as SNOPT [19]. Our work

Fig. 9 Heliocentric transfer orbit (* GA and � HLGL).

Fig. 10 Results for the areocentric segment states.

Fig. 11 Mars capture spiral (* GA and � HLGL).
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presented here was implemented within the MATLAB environment
using fmincom, a constrained optimization routine available with
the Optimization Toolbox. It is quite possible that the results can be
further improved by using a different custom optimization routine.

Conclusions

In this Note, we presented a hybrid numerical optimization tech-
nique for synthesis of trajectories using a direct Hermite–Legendre–
Gauss–Lobatto collocation technique. The minimum-time low-
thrust transfer trajectory from a geocentric circular orbit to an areo-
centric circular orbit was computed. The initial guesses for the
nonlinear programming problem were obtained by searching
through the state space for feasible candidate solutions via a genetic
algorithm with a shooting method. The results obtained compare
very favorably with published results.
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